Quantum Deficit and Geometry for a Class of Two-qubit States 
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■ Quantum deficit, as introduced by Jonathan Oppenheim et al [Phys. Rev. Lett. 89, 180402 

(2002)] is a good measure of the quantum correlations in a state and provides a new form for 
understanding quantum nonlocality, and is different from quantum discord. We will analytically 
evaluate the quantum deficit of the Bell-diagonal states and a class of two-qubit states and give the 
i_p," geometry of those quantum deficit. The dynamic behavior of quantum deficit under decoherence 

is investigated and it is shown that the quantum deficit of some classes of X states is more robust 
, against the decoherence than the entanglement. 

(N) . I. INTRODUCTION 



The quantum correlation of quantum states includes entanglement and other kinds of nonclassical correla- 
tion, and the quantum correlations is more generaLthan entanglement 

HQ. 

A formal measure of quantum 



a ■ . " n 

correlations in measurements is quantum discord [2] . Quantum discord describes a different aspect of 11011- 
classical correlation. Many works have been done to the importance and application of quantum discord. 
In particular, there is accurate expression for quantum discord for two-qubit states, even for the X states 
[iMa], and the geometry of the quantum correlation about those states is introduced by Recently, 
researches on the dynamics of quantum discord in various noisy environments have revealed many fascinat- 
ing features [nj, and manifested that discord is more robust than entanglement for both Markovian and 
non-Markovian dissipative processes, and moreover, after a phase damping process, the quantum discord of 
■ a type of Bell-diagonal state was shown to exhibit a freezing phenomenon. 

There are also a lot of measures of nonclassical correlation besides entan glem ent, such as the quantum deficit 

HQ 

, measurement-induced disturbance (13J, symmetric discord [14l Il5j|. relative entropy of discord and 
dissonance ,geometric discord 0, and continuous- variable discord f]-sl ] , a nd so on. Almost all 
different measures of quantum correlation beyond entanglement were reviewed in [19j . The work deficit 11 1 
is the first operational approach to quantify quantum correlations. Then, a similar process was used to 

n n 

justify a physical interpretation of quantum discord [20]. In the physical view, the results of [111 ] showed 
that quantum deficit originates in questions using nonlocal operation to extract work from a correlated 
system coupled to a heat bath only in the case of pure states, and in the general case, the advantage is 
related to more general forms of quantum correlations. The corresponding notion of classicality is in the 
spirit of LOCC [ljj]. Jonathan Oppenheim et al [ljj define quantum deficit as the work deficit 

A = W t -Wi. (1) 

Horodecki et al interpret that quantum deficit is the difference between the information of the whole system 
and the localizable information and give various simpler forms of deficit [21] . Synak et al prove that the 
deficit is lower-bounded by the (regularized) relative entropy of entanglement for werner and isotropic states 



2 



22j . Recently, Alexander Streltsov et al give the definition of one-way information deficit by the relative 
entropy over all local vonNeumann measurements on oneside and reveal the fundamental role of quantum 
correlations as a resource for the distribution of entanglement and also give the other definition of 

one-way information deficit by vonNeumann measurements on oneside [25I ] 

A^(p ab ) = min S(]T U kP ab n k ) - S(p ab ). (2) 

tUfe} 

i 

Quantum discord and quantum deficit is different types of quantum correlation. We have known that the 
geometry and the dynamics of quantum discord for a class of two-qubit states by account above , and 
analogously, how about their quantum deficit? In this article, we will give the answer. 

Undergoing proper local unitary transformations, any two-qubit state p ab can be written as: 

1 3 
p ab = -(I ® I + r ■ <t <Z> I + I <S> s ■ a + °i a i ® <n), ( 3 ) 

i=l 

where r and s are Bloch vectors and {<7i}f =1 are the standard Pauli matrices. When r=s=0, p reduces 
to the two-qubit Bell-diagonal states. Next, we assume that the Bloch vectors are z directional, that is, 
r = (0, 0, r), s = (0, 0, s). We can also change them to be x or y directional via an appropriate local unitary 
transformation without losing its diagonal property of the correlation terms [2a |. In this case a state p 
defined in Eq.© has the form 

/ l + r + s + c 3 ci - c 2 \ 

ab _ 1 [ 1 + r - s - c 3 a + c 2 I , > 

9 4 I ci + c 2 1 - r + s - c 3 I' [ > 

V ci — C2 1 — r — s + C3 / 

We calculate the quantum deficit defined by Eq.© of Bell-Diagonal states and point out that the quantum 
deficit of Bell-Diagonal states equal to its quantum discord in sec. [TTJ We depict the level surface of constant 
deficit in four different situations in sec. IIIII In sec. IIV[ we discuss the dynamics of quantum deficit and 
show that the quantum deficit of a certain class of X states decay under decoherence. A brief conclusion is 
given in sec. |V] 

II. THE DEFICIT OF BELL-DIAGONAL STATES 

For the two-qubit Bell-diagonal state: 

1 3 

p ab = -(I®I + 22ciai®ai). (5) 

i=l 

The eigenvalues of p are 

Ai = -(1 - ci - c 2 - c 3 ), A 2 = ~(1 - ci + c 2 + c 3 ), A 3 = ~(1 + a - c 2 + c 3 ), A 4 = i(l + c\ + c 2 - c 3 ). 



The entropy of p is 



S(p ab ) = -]TA,logA 4 

1 - Ci - c 2 - c 3 
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1 - ci + c 2 + c 3 



log(l - c x - c 2 - c 3 ) 
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Next, we evaluate the the quantum deficit. Let 



log(l - ci + c 2 + c 3 ) 
log(l + ci - c 2 + c 3 ) 
log(l + ci + c 2 - c 3 ). 



{n fc = |fc)<fe| ) fc = o,i} 

be the local measurement for the part b along the computational base \k); then any von Neumann 
surement for the part b can be written as 

{B k = VU k V^ : k = 0, 1} 

for some unitary V € U(2). But any unitary V can be written, up to a constant phase, as 

V = tl + i~f~^ 

with t £ R, y = (2/1,2/2,2/3) € R 3 , and t 2 + yf + y\ + j/| = 1. After the measurement -Bfc, the state p a 
change to the ensemble p k ,Pk with 

Pk ■= —{I®B k )p{I®B k ) 
Pk 

and pk — tr(I ® Bk)p{I ® Bk). We need to evaluate pk and pk- For this purpose, we write 

1 3 

PfcPfc = (J ® B fc )p(j ® B fc ) = -(j ® F)(7 ® n fc )(j + ^ Ci o-j ® ® n fc )(j ® 0). 

By use of the relations [3] 

VViV = (t 2 +yl-yl~ 2/|)o-i + 2(*2/ 3 + 2/12/2)02 + 2(— tya + 2/12/3)03, 
VV2V = 2(-t Wa + Ift!ft)o-i + (t 2 + 2/1 ~ y\ ~ y\)<>2 + 2(tyi + 2/22/3)^3, 
V*a 3 V = 2(ty 2 + 2/i2/ 3 )<7i + 2(-ty x + 2/22/3)^2 + (£ 2 + 2/1 - 0? - 2/f>3, 

and 

n a 3 n = n , n^iii = -n x , n,a fc n, = o, forj = o, 1, k = 1, 2. 

We obtain po — p\ = i and 

;»0 = ^(^ + Cl^l + c 2^20- 2 + C 3 Z 3 CT 3 ) ® (VTIq^ 1 ), 
1 



Pi 



= o( J - ci^icri - c 2 z 2 ct 2 - c 3 z 3 cr 3 ) (yn 1 V t ), 
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where 

Zi = 2(-ty 2 + ym),z 2 = 2{tyi + 2/22/3), z 3 = t 2 + yj ~ y\ - y\. 
Let M = cizici + C2Z2O2 + C3Z3CT3, then 

Po = 1(1 + M) ® (VTIoV+J.pi = - M) <8> (FniW), 



(18) 



(19) 



The eigenvalues of ±(J+M) and |(7— M) are ±±£ and ^ , where 6 = a/|ciZi| 2 + \c 2 z 2 \ 2 + \c 3 z 3 \ 2 . 
We can check that \{I + M) commutes with \{I — M), and there exists an orthogonal basis such that both 
\(I + M) and \{I — M) are diagonal with respect to that basis [27(, i.e for some unitary U £ U(2), and 



1 / I__ n \ 1 / 1+1 n \ 

2« + W = u( I ^)U\- { I-M) = U( g ^)UI 

As £\ nfc/9 ab nfe = popo + pi pi, and then we evaluate the eigenvalues of J2i Hkp ab Tlk, 

\xe -^n fcP a& n fc | 

i 

= \XE - [papa +pipi)| 



(20) 
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(21) 



And the eigenvalues of n fc/ 9 a& n fc are A 5 = ^p, A 6 = ±±£, A 7 = i±£, A 8 = The entropy of 

£n fc(0 Qb n fc is 



s(]Tn fc/ , ab n fc ) = -^AiiogAi 



i=5 
1 



= 2- 



log(l - 0) 



log(l 



(22) 



It can be directly verified that 



4 + 4 + 4 = l - 



(23) 



Let us put c := max{|ci|, C2 1 , | C3 1 } , then 9 < \/\c\ 2 (\zi\ 2 + |z 2 | 2 + |z 3 | 2 ) = c. Therefore, we see that 

sup 9 = sup 9 = c. (24) 

{B k } {V} 

The range of values allowed for 9 is 9 G [0, c], and the derivative of SQ^ n/-p ab n fc ) is |[log(l-0)-log(l+0)], 
and it can be verified that it is monotonic decreasing function in the interval of [0, c], and the minimal value 
of S(J2 i Hkp ab Hk) can be attained at point c, 

min S(£ Tl kP ab n k ) = 2 - ^ log(l - c) - i±£ log(l + c). (25) 

By Eq.©, (|25p . and the quantum deficit of p ab is given by 

A^(p ab ) = min5(^n fc/9 ab n fc )-^) 

{ k < i 

= -[(1 - Ci - c 2 - c 3 ) log(l - Ci - c 2 - c 3 ) 
+ (1 - ci + c 2 + c 3 ) log(l - ci + c 2 + c 3 ) 
+ (1 + ci - c 2 + c 3 ) log(l + ci - c 2 + c 3 ) 
+ (1 + ci + c 2 - c 3 ) log(l + ci + c 2 - c 3 )] 

-iZLflog(l-c)-ii^log(l + C ). (26) 

Notice that the above result about the quantum deficit of p ab coincides with that of quantum discord 
obtained in [l3|. The geometry picture of the quantum discord given in Figure 2 of 

III. GEOMETRICAL DEPICTION OF A CLASS OF X STATES 

For the state in Eq.Q, let r = 0, we obtain the following state: 



ab 1 

P =4 



/ 1 + s + c 3 a - c 2 

1 — s — c 3 ci + c 2 

ci + c 2 1 + s — c 3 

V ci - c 2 1 - s + c 3 



(27) 



and we will only consider the following further simplified family of the Eq. (|27|) . where 

|ci|<|c2|<|c 3 |,0<|s|<l-|c 3 |. (28) 



The concurrence of the state in Eq. (|27j) . (|28p can be calculated in terms of the eigenvalues of pp, where 
p = o y ® <J y p*(Jy ® <7 y - For the state, the eigenvalues of pp are 

1 



A 9 = -( Cl - C2 - ^(l + C3 )2_ s2) 2 

= 4( C 1 " C 2 ~ V(l + S + C 3)(l - * + C 3 )) 5 
ID 



= ^(ci-^ + v/a + ^-s 2 ) 2 
lb 

= jg(ci - c 2 + ^/(l + 8 + c 3 )(l - s + c 3 )) 2 , 



G 



An = ^(ci+c 2 - - c 3 ) 2 - s 2 ) 2 
lb 

= 4( c i + C2 _ y/i 1 ~ s ~ ^X 1 + 3 - c 3)) 2 > 

Id 



A12 = -^(ci+c 2 + v/(l-c 3 ) 2 -s 2 ) 2 
lb 

= 4( Cl + c 2 + V(l - 3 - c 3 )(l + a - c 3 )) 2 
lb 



The concurrence of the state in Eq. (l2"Tl) . (|2g]) is given by 



C(p aft ) = max{2max{VA 9 , VAio, VA U , VA12} - VAg - \Ai - y/Xu - y/\ 12 , 0}. (29) 



Next, we will only consider the quantum deficit of the state in Eg. ([27)1 . p8J) , The computational methods 
of the others is similar to this situation, it doesn't merit any additional discussion here. Our computational 
procedure of the deficit is similar to the Bell-Diagonal case. In this case the eigenvalues of the state in 
Eq.pTj), (gH are give by 



Ai 3 ,i4 = j[l - c 3 ± \J s 2 + (ci 


+ c 2 ) 2 


1, 


Al5,16 — t[1 - 


f c 3 ± Vs 2 + 


(ci - C2 ) 2 ; 


The entropy is given by 
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S{p ah ) = - ^ A, log A, 

i=13 

= 2-i[(l-C3 + 














V* 2 + 


(ci 


+ c 2 ) 2 )log(l 


-c 3 + 


V* 2 + 


- (Cl + C 2 ) 2 


+ (1 - C3 - 


+ (ci - 




) 2 )log(l-c 3 




+ (ci 


+ c 2 ) 2 ) 


+ (l + c 3 + V« 2 


+ (ci- 




) 2 )log(l + c 3 


+ V* 2 


+ (ci 


+C2) 2 ) 


+ (1 + c 3 - v 7 * 2 


+ (ci - 




) 2 )log(l + c 3 


- V* 2 


+ (ci 


+C2) 2 )]. 


Next, we will evaluate 














PfePfe = {I ®B k )p{I ®B k ) 















(30) 



1 3 

-(/ ® v)(J ® n fc )(/ ® g, / + j SCT3 + ^ C2(7i 3 (T .))(/ g g, n fe )(/ yt) 

i=l 

1 3 

-7 ® Fn fe F f + - J (8 KnfcFVsFHfcF 1 + X! T' 71 ® ^V^VTIfc^. (31) 



4- 4 ^4 

1=1 



By use of the Eq.^, (JTSJ, JT3JI, (HU), (ISJ), we obtain 

= t(7 + sz 3^ + ciZifTi + c 2 z 2 (t 2 + c 3 z 3 cr 3 ) ® VTIoVt, (32) 
P1P1 = 7(7 - sz 3 I - c x z x a x - c 2 z 2 a 2 - c 3 z 3 a 3 ) <g) VTLjV^. (33) 

Let M = sz 3 I + c\Z\U\ + c 2 z 2 a 2 + c 3 z 3 er 3 , and 

1 /r ^ „ m t , 1 _ ^ N 



= -(J + M)®VTI F t , pipi = -(J-M)®VUoV^. (34) 



Similar to Eg.pij). the eigenvalues of \{I + M) and \{I - M) are A17 = \{1 + <j) - 9), Ai 8 = j(l + <t> ' 
and A19 = |(1 - 4> - 9), A 20 = ±(1 - + 9), where 



= sz 3 , 9 = \J\c1Z1\ 2 + \c 2 z 2 \ 2 + \c 3 z 3 \ 2 . (35) 

The entropy of £ n fcj o Qb n fc is 



20 



s(^n fcP Qb n fc ) = /(0, 9) = — \i log Ai 

i i=17 

= 2 - + - 6») log(l + - 61) + (1 + + 6) log(l + + 6>) 

+ (1 - - 0) log(l - - 9) + (1 - + 6>) log(l - + 6»)]. (36) 

Using the domain of logarithmic function in f(4>,9) and Eg. (|2"51) we obtain the range of 9 and 0: 

< |ci| < 9 < |c 3 | < 1,-K < 1. (37) 

We can verify that /(— 0, 9) = f((f>,9), the graph of f((f>,9) is symmetrical with respect to the 0-axis; 
^ = — j logf ^g^I^ ] < 0, (0 < 9 < 1), /(0, #) is a monotonic decreasing function in the positive direction 
of 6; §^ = — \ log[ (i^j^Ig^ ] < 0, (0 < < l)i f{4>^) is a monotonic decreasing function in the positive 
direction of 0. When 9 = |c 3 |, by Eq.([23]), (f2"5J). (|55| and we can obtain 

0=|s|. (38) 

By Eq. ([28|) . the projection of /(0, 6 1 ) on the plane <fio9 is a symmetrical rectangle with respect to the 9-&xis, 
and by use of the monotonicity of /(0, 9) in the positive direction of 9 and 0, /(</>, 0) can obtain the minimum 
in the point (\s\, | C3 1 ) , the minimum of f(4> 1 9) is given by 

minS(J2 ^kP ab Tlk) = 2 - i[(l + a - c 3 ) log(l + s - c 3 ) + (1 + s + c 3 ) log(l + s + c 3 ) 

+(1 - s - c 3 ) log(l - s - c 3 ) + (1 - s + c 3 ) log(l - a + ess)]. (39) 
By Eq.®, (JSHJ), the quantum deficit of the state in Eq.(g7]), (US]) is given by 



^(p ab ) = min 5(^n fcP ofe n fc ) - S(pt 



ah \ 



4K 1 - 


c 3 ■ 


¥ V s2 + (ci 4 


-c 2 ) 2 )log(l 


- c 3 


+ V s2 + ( c i 


+ C2Y) 


+(1- 


c 3 - 


- V s2 + (ci + 


c 2 ) 2 )log(l- 


- c 3 


- V s2 + ( c i - 


¥c 2 y) 


+(1 + 


c 3 H 


- V s2 + (ci + 


c 2 ) 2 )log(l- 


I-C3 


+ \js 2 + (ci - 


¥c 2 y) 


+(1 + 


c 3 - 


- v 7 * 2 + (ci + 


c 2 ) 2 )log(l- 


I-C3 


- \/s 2 + (ci - 


¥c 2 f)\ 


-lie 


+ s 


- c 3 ) log(l + 


s - c 3 ) + (1 


+ s 


+ c 3 ) log(l + 


s + c 3 ) 


+(1- 


s — 


c 3 )log(l - s 


- c 3 ) + (1 - 


s + 


c 3 )log(l - s - 


¥c 3 )}. 



(40) 

In Fig.l we plot the level surface of deficit when (a) s = 0.3, A^(p ab ) = 0.03; (b) s = 0.5, A^(p ab ) = 0.03; 
(c) s = 0.3, A^{p ab ) = 0.15; (d) s = 0.5, A^(p ab ) = 0.15. From Fig.l one can see that the level surface of 
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deficit has a great change from the case r = s = studied in Figure 2 of The surface shrinks with the 
effect s and the shrinking rate becomes larger with the increasing \s\. What is more, for larger deficit and 
small s (see Fig.(c)), the figure is similar to the ones in case of r = s = 0. But for larger s (see Fig.(d)), the 
figure is moved up again and changes dramatically also. 



1.0 1.0 




1.0 1.0 



FIG. 1: Surfaces of constant deficit: (a) s = 0.3, (p ab ) = 0.03; (b) s = 0.5, A^(p ab ) = 0.03; (c) s = 0.3, 
A^(p ab ) = 0.15; (d) s = 0.5, A^(p ab ) = 0.15. 



IV. DYNAMICS OF QUANTUM DEFICIT UNDER LOCAL NONDISSIPATIVE CHANNELS 



In the following we consider that the state in Eq. (f2"Tj) , (|2"8)l undergoes the phase flip channel 28], with 



the Kraus operators T ( ' = diag(^/l - p/2, y/l -p/2) <g> I, T\ ' = diag(^/2, ~^/pj2) ® I, T\ ' = 7® 
diag U/T— p /2, a/1 — p/2), t[ B ^ = 7(g) diag(\/p/2, —y/p/2), where p = 1 — exp(— 7*), 7 is the phase damping 



Let £■(•) represent the operator of decoherence. Then under the phase flip channel we have 

e(p) = -(I ® I + I <g> sa 3 + (1 -p) 2 ciCTi ®ai 

+ (1 — p) 2 C 2 CT 2 ® <7 2 + C3CT3 ® CT 3 ). 



(41) 



As e(p) satisfy conditions in Eg. (|27|) . (|28[l. and the quantum deficit of the p ab under the phase flip channel 
is given by 





C3 - 


f v^ 2 + (1 - 


-P) 4 (ci 


+ c 2 ) 2 )log(l-c 3 + v/s 2 


+ (1- 


-P) 4 (ci 


^c 2 ) 2 ) 


+(1- 


C3 - 


- V* 2 + (i - 


P) 4 (ci - 


f c 2 ) 2 )log(l -c 3 - y/s 2 


+ (1- 


P) 4 (ci H 


-c 2 ) 2 ) 


+(1 + 


C3^ 


- V* 2 + (1 - 


P) 4 (ci - 


fc 2 ) 2 )log(l + c 3 + v/s 2 


+ (1- 


P) 4 (ci H 


-c 2 ) 2 ) 


+(1 + 


C3 " 


- V* 2 + (1 - 


P) 4 (ci - 


f c 2 ) 2 )log(l + c 3 - ^s 2 


+ (1- 


P) 4 (ci H 


-c 2 ) 2 )] 


-> 


+ s 


- c 3 ) log(l 4 


- s - c 3 ) 


+ (1 + s + c 3 ) log(l + s 


+ c 3 ) 






+(1- 


s — 


c 3 ) log(l - s 


-03) + 


(1 - s + c 3 )log(l - s + 


ca)]. 







(42) 



As an example, for s = 0.3, ci = 0.3, c 2 = — 0.4,C3 = 0.56, the dynamic behavior of correlation of the state 
under the phase flip channel is depicted in Fig. 2. We find that the concurrence C is greater than the deficit 
for < P < 0.237211 and a sudden death of entanglement appears at p = 0.321904, here one sees that 
the concurrence become zero after the transition. Therefore for these states the entanglement is weaker 
against the decoherence than the quantum deficit. 




FIG. 2: Concurrence(blue dashed line) and quantum deficit(red solid line) under phase flip channel for s — 0.3, 
ci = 0.3, C2 = —0.4 and C3 = 0.56. 



V. SUMMARY 

We have studied the correlation for a class of X states. The level surfaces of quantum deficit have been 
depicted. For r = s — our results reduce to the ones for Bell-diagonal states. For nonzero s, it has 
been shown that the level surfaces of quantum deficit may have quite different geometry and topology. The 
quantum deficit become smaller in certain time interval for some initial states, and for some states the 
entanglement is weaker against the decoherence than the deficit. 
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